Measurements of the Nusselt number and properties of the large-scale circulation (LSC) are presented for turbulent Rayleigh-Bénard convection in water-filled cylindrical containers (Prandtl number P r = 4.38) with aspect ratio Γ = 0.50. They cover the range 2 × 10 8 < ∼ Ra < ∼ 1 × 10 11 of the Rayleigh number Ra. We confirm the occurrence of a double-roll state (DRS) of the LSC and focus on the statistics of the transitions between the DRS and a single-roll state (SRS). The fraction of the run time when the SRS existed varied continuously from about 0.12 near Ra = 2 × 10 8 to about 0.8 near Ra = 10 11 , while the fraction of the run time when the DRS could be detected changed from about 0.4 to about 0.06 over the same range of Ra. We determined separately the Nusselt number of the SRS and the DRS, and found the former to be larger than the latter by about 1.6 % (0.9 %) at Ra = 10 10 (10 11 ). We report a contribution to the dynamics of the SRS from a torsional oscillation similar to that observed for cylindrical samples with Γ = 1.00. Results for a number of statistical properties of the SRS are reported, and some are compared with the cases Γ = 0.50, P r = 0.67 and Γ = 1.00, P r = 4.38. We found that genuine cessations of the SRS were extremely rare and occurred only about 0.3 times per day, which is less frequent than for Γ = 1.00; however, the SRS was disrupted frequently by roll-state transitions and other less well-defined events. We show that the time derivative of the LSC plane orientation is a stochastic variable which, at constant LSC amplitude, is Gaussian distributed. Within the context of the LSC model of Brown & Ahlers (Phys. Fluids, vol. 20, 2008b, art. 075101), this demonstrates that the stochastic force due to the small-scale fluctuations that is driving the LSC dynamics has a Gaussian distribution.
Introduction
Thermal convection, where fluid motion is driven by a temperature gradient, is a very effective transport mechanism for heat. It plays an important role in climatology (van Doorn et al. 2000; Hartmann, Moy & Fu 2001) , oceanography (Marshall & Schott 1999; Rahmstorf 2000) , geophysics (Cardin & Olson 1994; Glatzmaier et al. 1999) , astrophysics (Busse 1994; Cattaneo, Emonet & Weiss 2003) and numerous industrial processes. In this context, a detailed knowledge about the underlying processes is essential to the understanding of such phenomena as plate tectonics, atmospheric and oceanic circulations, and others. However, in addition, this system provides a fascinating fluid-mechanical system for the study of fundamental issues such as the relationship between small-scale fluctuations and the dynamics of largescale structures.
Experimental and numerical investigations usually are carried out in containers that provide well-defined geometries and boundary conditions. The fluid is then confined by a horizontal warm plate from below and by a parallel cold plate from above (for reviews of this problem, known as turbulent Rayleigh-Bénard convection or RBC, see e.g. Kadanoff 2001; Ahlers, Grossmann & Lohse 2002 , 2009b Ahlers 2009; . The behaviour of the system is determined by its geometrical configuration including boundary conditions, by the Rayleigh number 1) and the Prandtl number P r = ν/κ.
(1.2) Here, g denotes the gravitational acceleration, α is the isobaric thermal expansion coefficient, ν is the kinematic viscosity, κ is the thermal diffusivity, L is the distance and T = T b − T t is the temperature difference between the bottom and top plates. Many of the experiments and direct numerical simulations (DNS) consider convection in a cylindrical container with height L and inner diameter D. In this situation, the aspect ratio Γ ≡ D/L (1.3) is the third dimensionless parameter that has to be considered.
Much of the heat transport is achieved by turbulent motion, and thus by mixing of the fluid. Large hot volumes, so-called 'plumes', detach from a thermal boundary layer just above the bottom plate and rise due to their buoyancy towards the cold top plate. Similar cold plumes also detach from a boundary layer just below the top plate and sink towards the warm bottom plate. The heat transport by this turbulent system is usually expressed in terms of the ratio of the effective thermal conductivity of the system to the thermal conductivity of the quiescent fluid. This ratio is known as the Nusselt number and is given by 4) where Q is the heat current passing through the fluid, A is the cross-sectional area of the sample, and λ is the thermal conductivity of the fluid. For the case Γ = 1.00, the plumes are carried by a large-scale circulation (LSC), the so-called 'mean wind', that consists of a single convection roll with up-flow and down-flow near the wall but separated azimuthally by π. In turn, the plumes, by virtue of their buoyancy, drive the LSC. In the following, we refer to this LSC structure as the single-roll state or SRS. Recently, extensive studies were carried out for Γ = 0.50 and smaller Γ (Sun, Xi & Xia 2005b; Xi & Xia 2007 . A recent study (Xi & Xia 2008b) revealed that for these relatively tall samples, there also exists a double-roll state (DRS), with one roll positioned more or less above the other. A temporal succession at irregular time intervals of the SRS and the DRS was observed.
The LSC is not steady in time. It exists in the presence of intense small-scale turbulent fluctuations that drive its dynamics (Brown, Nikolaenko & Ahlers 2005a; Brown & Ahlers 2007a , but this dynamics retains a number of distinct features.
Experiments have shown a diffusive meandering of the LSC plane orientation (Brown et al. 2005a; Sun et al. 2005b; Xi, Zhou & Xia 2006; ), which is also influenced by Earth's Coriolis force , an occasional breakdown and reoccurrence of the LSC with a different orientation known as cessations (Brown et al. 2005a; Xi & Xia 2008a) , occasional quick rotations of the circulation plane through a random azimuthal displacement without a significant reduction of its intensity (Cioni, Ciliberto & Sommeria 1997; Brown et al. 2005a; Xi & Xia 2008a) , a stochastically driven periodic twisting of the circulation plane known as the torsional mode (Funfschilling & Ahlers 2004; Funfschilling, Brown & Ahlers 2008; Xi et al. 2009 ) and a stochastically driven periodic motion of the LSC normal to its circulation plane -the sloshing mode (Brown & Ahlers 2009; Xi et al. 2009; Zhou et al. 2009 ).
For Γ = 1.00, all of the above features are explained well by the stochastic model presented by Brown & Ahlers (2007a , 2009 ). However, relatively little is known about how these features depend on Γ . It was shown by several investigations (Funfschiling et al. 2005; Nikolaenko et al. 2005; Sun et al. 2005a ) that the Nusselt number depends at most weakly on Γ , but detailed research on the dynamics of the LSC as a function of Γ just started recently. Especially the group of Xia has made significant progress in revealing the flow structure of the LSC for aspect ratios 1.00, 0.50 and 0.33 (Sun et al. 2005b; Xi & Xia 2007 . With particle-image velocimetry (PIV) measurements, they found for Γ = 0.50 that the LSC had an elliptical shape with a major axis that was inclined relative to the cylinder axis, and that smaller counter-rotating rolls are located, diagonally opposed, near the bottom and top of the cell (Sun et al. 2005b) . The frequency of cessations or re-orientations of the LSC was believed to be enhanced by an order of magnitude for Γ = 0.50 in comparison to Γ = 1.00 (Xi & Xia 2007 ) (see, however, § 5.2), rendering the LSC structure very fragile and relatively rapidly changing in time. On the basis of that work, a torsional mode was thought to be absent (Xi & Xia 2008a) .
In recent experimental studies of RBC, the DRS was observed (Xi & Xia 2008b ) for aspect ratios Γ = 0.50 and 0.33. It was detected in direct velocity measurements via PIV as well as in multi-probe temperature measurements. For aspect ratio 0.50, the system spent only a minor amount of time in the DRS and the larger extent in the SRS.
In the present paper, we report on new measurements for Γ = 0.50 carried out in two apparatuses of different size. We present results for Nu, as well as for the LSC structure and dynamics. Results for Nu are generally consistent with other data (Roche et al. 2004; Brown et al. 2005b; Nikolaenko et al. 2005; Sun et al. 2005a) , although there are small differences. They are also consistent with the model of Grossmann & Lohse (2000 , 2001 , even though the parameters of this model were determined by fitting to data for Γ = 1.00. In order to study the LSC, we used thermal probes at the sidewalls at three vertical positions (Brown et al. 2005a) . We found that the fraction of time that the system spent in the SRS varied continuously with Ra, from about 10 % near Ra = 10 8 to about 80 % for Ra > ∼ 7 × 10 10 . This result is consistent with that of Xi & Xia (2008b) in the overlapping range Ra > ∼ 2 × 10 10 . We determined separately the Nusselt number of the SRS and the DRS, and found the former to be larger than the latter by about 1.6 % (0.9 % ) at Ra = 10 10 (10 11 ). This difference is a factor of five larger than that found by Xi & Xia (2008b) , but too small to explain the difference in Nu between the two states observed by Roche et al. (2004) . We also found that the dynamics of the SRS includes a torsional mode like the one observed for Γ = 1.00. Previously, this mode had not been detected and was believed to be absent (Xi & Xia 2008a) . However, in a personal communication (H.-D. Xi 2010), we learned that Xi & Xia recently re-analysed their data using methods similar to ours and found the torsional mode. As reported before by others (Xi & Xia 2007 , we found that the average frequency of precipitous decreases of the LSC temperature amplitude at any one vertical position, which we call 'events', was over an order of magnitude larger for Γ = 0.50 than it was for Γ = 1.00, but a simultaneous occurrence of such events at all three vertical positions, which would correspond to a cessation of the flow throughout the sample, was even more rare than it is for Γ = 1.00. However, this difference of the frequency of cessations may actually be due to the difference by a factor of four of the vertical viscous diffusion time.
Because of the high frequency of events for this aspect ratio, we found it impossible to reliably follow the long-time evolution of the orientation of the LSC plane. Thus it was not possible to determine reliably the rate at which, on average over long time intervals, the circulation plane may or may not be rotating as had been attempted earlier (Sun et al. 2005b; Xi & Xia 2007 ). However, we were able to determine the instantaneous rotation rate and its probability distribution. At constant LSC amplitude, we found it to be Gaussian distributed. Within the context of the LSC model of Brown & Ahlers (2008b) , this implies that the stochastic force due to the small-scale fluctuations, which drives the LSC dynamics, has a Gaussian distribution.
This paper is arranged as follows. In § 2, we describe the experimental set-up and explain the temperature-measurement procedure. In addition, we discuss problems associated with the determination of the orientation of the LSC plane and minor corrections to the Nusselt number measurements. Section 3 presents the Nusselt number results as a function of the Rayleigh number. In § 4, we present results for the non-Boussinesq shift of the centre temperature relative to the mean temperature, as well as results for the vertical temperature gradient along the sidewall. The temperature amplitude of the LSC is examined in § 5. In this section, we show that cessations exist, although they are extremely rare. Section 6 describes transitions between the SRS and the DRS, azimuthal re-orientations during these transitions and the fraction of a run during which either state exists. In this section, we also present our results for the difference between the Nusselt numbers of the SRS and the DRS. In § 7, we present results for several properties of the SRS. These include the existence of a torsional mode, the probability distribution of the orientation of the circulation plane, the shape of the azimuthal temperature variation, the mean values and the probability distributions of the LSC temperature amplitudes δ k , and the probability distributions of the fluctuations of the azimuthal orientations. A brief summary is provided in § 8.
Experimental set-up and data analysis
The experiments were conducted in two different apparatuses in order to cover a large range of Ra. We shall refer to one as the 'medium convection apparatus' (or MCA) and the other as the 'small convection apparatus' (or SCA).
The results shown in this paper were obtained from experiments using water at an average temperature T m ≡ (T b + T t )/2 = 40.00
• C, resulting in P r = 4.38.
2.1. The medium apparatus (MCA) The MCA is the apparatus that was used recently for experiments on RBC in a rotating frame for a cylindrical sample with Γ = 1.00 and is described in detail by Zhong & Ahlers (2010) . The only modification was a new sidewall with a height L = 495 mm, and a corresponding side shield, in order to achieve an aspect ratio of Γ = 0.50. For this sample, the viscous vertical diffusion time τ ν = L 2 /ν was 3.66 × 10 5 s. As described before, heat flux from the bottom plate to its surroundings was minimized by a heatable shield underneath the bottom plate. The centre of that shield was set to the temperature of the bottom plate. However, the temperature distribution within the shield was not completely homogeneous and permitted a small parasitic heat loss Q p from the bottom plate. This Q p could be estimated by a set of measurements where, for different average temperatures, a small temperature difference T = 0.1 K was applied between the top and bottom plates and the necessary heat input Q tot into the bottom plate was measured. The heat flux Q p = Q tot − Q was obtained using an estimate for the heat flux Q needed to drive the convection that was based on the relation Nu = Nu 0 Ra γ eff . The values for Nu 0 and γ eff were taken to be 0.1336 and 0.301, respectively, as determined from measurements with the SCA (see § 3). The result for Q p was similar to the value reported before (Zhong & Ahlers 2010) .
As described in § 2.2 for the SCA, in addition to the thermometers in the top and bottom plates and in the thermal shields, 24 thermometers were embedded in the sidewall and were used to measure properties of the LSC.
We used various temperature differences over the range 1.0 < ∼ T < ∼ 25.8 K in order to cover the Ra range from 4.8 × 10 9 to 1.2 × 10 11 . The most detailed analyses were carried out on run 1003261 for Ra = 9.0 × 10 10 , which extended over about 10 days and yielded the best statistics for the properties of the LSC.
The small apparatus (SCA)
The SCA (see figure 1 ) was a modified version of an apparatus described in detail elsewhere (Ahlers et al. 1994) . It housed a cylindrical sample with height L = 190.5 mm and an inner diameter of D = 95.3 mm. When filled with water at 40
• C, the viscous vertical diffusion time was τ ν = 5.4 × 10 4 s. The fluid was confined by a 19.0 mm thick copper plate from below, a 25.4 mm thick copper plate from above and a 6.4 mm thick sidewall made of Lexan. A 90 metal-film heater covered the bottom side of the bottom plate. The temperatures of the top and bottom plates were measured by two thermistors in each that were located at 25 mm from the centre of the plate in opposite directions and approximately 5 mm away from the convecting fluid. Each thermistor was calibrated in a separate calibration facility with a precision of a milli-Kelvin against a Hart Scientific Model 5626 platinum resistance thermometer, as described by Zhong & Ahlers (2010) .
Twenty-four additional thermistors were embedded in the sidewall. Eight were equally spaced azimuthally (as shown on the right of figure 1) on each of three horizontal circles at vertical positions z = − L/4, 0 and L/4 away from the horizontal midplane of the cell. Each thermistor was placed in a thermal-paste-filled blind hole, approximately 1-2 mm away from the sidewall-water interface. The resistances of all 28 thermistors (from the sidewall and the bottom and top plates) were read by a digital multimeter.
The sample cell was levelled within less than 10 −4 rad. It was located in an air-and foam-filled inner container that sat in a double-walled water-filled outer container. The inner wall of the outer container was made of plastic and thus had a low thermal conductivity. Temperature-controlled water circulated through the outer container and served as coolant for the top plate. It flowed between the inner container and the inner wall of the outer container, thus providing a constant temperature equal to the top-plate temperature that surrounded the entire inner container. After cooling or heating the top plate, the return flow was between the inner and outer walls of the outer container. Since the returning water was still at almost the same temperature as the incoming flow, it provided excellent thermal protection against disturbances from the surrounding environment.
Although most of the heat generated by the bottom-plate heater passed through the fluid, a small portion passed from the bottom plate to the wall of the inner container or through the sidewall. In an attempt to determine this parasitic heat flux Q P (T m ), a set of conductance measurements was made before the cell was filled with water. For these measurements the cell was filled with foam to avoid convection of the air. In later convection experiments, Q P was subtracted from the measured heat input in an attempt to determine the heat transport solely by the convecting fluid.
Unfortunately, the above procedure was less than perfect. With the empty cell, there was a nonlinear temperature profile along the sidewall in the vertical direction because there was heat loss along the entire sidewall to the wall of the inner container (which was at the top-plate temperature). Consequently, the actual current conducted through the sidewall, and thus the local temperature gradient in the wall, varied with height. On the other hand, when filled with turbulently convecting fluid, virtually the entire sidewall was at or close to the mean temperature T m and the heat losses to the inner container were slightly different. As will be seen in figure 3 , this problem introduced a small error, of the order of a per cent or two, into the Nusselt number measurements.
We used various temperature differences over the range 1.00 K < ∼ T < ∼ 29 K in order to cover the Ra range from 2.5 × 10 8 to 7.4 × 10 9 . However, the most detailed statistical analyses of the LSC properties were carried out on run 1003231, which was for Ra = 2.6 × 10 9 and extended over about six days.
2.3. Temperature measurements During an experimental run, temperatures of all thermistors were read and their resistances recorded at intervals of approximately 3.2 s for the SCA and 3.5 s for the MCA. Data were recorded for at least 24 h, and the data for the first 5.5 h were discarded. The Rayleigh number was calculated using the fluid properties at T m .
The LSC constantly transports warm fluid on one side from the bottom to the top plate, while cold fluid is sinking on the opposite site. Therefore, the orientation and strength of the LSC is reflected in the azimuthal temperature distribution along the sidewall (see for instance Funfschilling et al. 2008) . The function
was fit to each set of eight temperatures T i,k at heights −L/4, 0, and L/4, as described in more detail elsewhere (see for instance Funfschilling et al. 2008) . Here, the index k stands for the height of the thermistor row that will be labelled in the following with 'b', 'm', and 't' for the bottom, middle and top thermistor rows. The index i stands for the thermistor number at each height level, as defined in the right part of figure 1. The least-squares fit gave, for each time step, the average temperature at the sidewall T w,k , the temperature amplitude δ k , and the azimuthal orientation θ k , at all three heights.
2.4. Determination of the orientation θ k of the LSC plane The orientations θ k of the LSC plane are determined only modulo 2π. Thus, in nonlinear least-squares fits of (2.1) to temporal successions of groups of eight temperature measurements, phase jumps by multiples of 2π can occur and obscure the true evolution of the orientation of the LSC plane over long time intervals. In an attempt to prevent this, usually (Brown et al. 2005a; ) the fit values θ k (t i−1 ) were chosen as the initial values for the fit at time t i . After the fit, θ k (t i ) was adjusted by adding or subtracting integer multiples of 2π until |θ k (t i )−θ k (t i−1 )| < π. This procedure yielded a unique time evolution of θ k for experiments with Γ = 1.00 where, most of the time, the LSC had a significant amplitude, where therefore the phase was well determined almost at all times, and where |θ k (t i ) − θ k (t i−1 )| almost always was much less than π. Thus, the data could be used for instance to determine average rotation rates over periods of days or longer .
The above procedure does not yield a unique answer for the phase evolution in the present case. As shown in figure 6 , the amplitudes δ k frequently vanish or become small. When that happens, the probable errors σ δ k of δ k and σ θ k of θ k become large and phase jumps by integer multiples of 2π can occur during the fits. In figure 2 (a) we show as an example the probability distribution p(σ δ m /δ m ) of the relative error σ δ m /δ m as a function of σ δ m /δ m for the middle row of thermistors, i.e. for k = m and for Ra = 9.0 × 10 10 (run 1003261). Also shown by a dashed line is the integral of p(σ δ m /δ m ) (also known as the cumulative distribution function). For comparison, that same integral for a run with Γ = 1.00, Ra = 1.1 × 10 10 and P r = 4.38 (run 0907151) obtained previously with the MCA (Ahlers et al. 2009a ) is shown as well.
From the integrals in figure 2(a), one can find the fraction of time during which the relative error σ δ m /δ m of δ m exceeds a particular value f m , which might be chosen as the value below which acceptable fits can be obtained. For instance, for f m = 0.25 we find that fraction to be 0.97 for Γ = 1.00 and 0.81 for Γ = 0.50. During the time intervals when σ δ m /δ m is large, the probable error σ θ m of θ m becomes large as well. Under these conditions, large, unphysical and non-unique apparent phase evolutions may occur.
In an attempt to learn about the influence of large σ δ m on the apparent phase evolutions, we supplemented the above algorithm for choosing initial values of θ m . As long as σ δ m /δ m exceeded a specified value f m , the initial value for θ m was not adjusted and instead kept at the value used the last time when σ δ m /δ m was less than f m . If we assume, for instance, that f m = 0.25 is an acceptable dividing line for the case shown in figure 2(a), then we have to discard about 3 % of the data for Γ = 1.00 and 19 % for Γ = 0.50. In figure 2(b), sections of the results covering about a half-day period are shown for, from top to bottom, f m = 0.25, 1.00, ∞, and 0.50. At t = 0 all cases started at θ m very close to zero. One sees that quite different evolutions are obtained depending on the parameters of the algorithm. Over some time intervals, the net rotation of some cases is counterclockwise, while for others it can be clockwise. The net rotation over the entire run, up to t = 5.2 × 10 5 s, clearly is quite different for the four cases shown in the figure. We conclude that we have not found a reliable way for determining the actual time evolution of the orientation of the LSC plane. Whereas this makes it difficult, if not impossible, to discuss the net rotation of the LSC over long time intervals, it does not present a problem for determining the instantaneous rotation rates and their probability distributions. It also does not prevent the computation of the statistical properties determined from θ k modulo 2π. Thus, for instance, the distribution functions p(θ k ) and the various correlation functions between θ i and θ j , which are computed from θ k modulo 2π, are uniquely determined and nearly independent of f k . In the remainder of this paper, we shall no longer focus on the long-time evolution of the LSC orientation.
Nusselt number corrections
For the MCA, a correction was made for the finite conductivity of the top and bottom plates. This correction was studied in detail by Brown et al. (2005b) . We used (3) and (9) of table 1 of Brown et al. 2005b) . Although these coefficients were measured using a sample with Γ = 1.00, it had been shown that they are not strongly dependent upon Γ .
An additional correction was made for non-Oberbeck-Boussinesq (NOB) effects. These had been studied in detail by Ahlers et al. (2006a) for samples with Γ = 1.00. There, Nu was represented by Nu OB = Nu NOB /(F 1 F 2 ), where Nu OB and Nu NOB pertain to the Oberbeck-Boussinesq (OB) and the NOB system, respectively. The experimental data in figure 10 of Ahlers et al. (2006a) are fitted well by
As demonstrated by Ahlers et al. (2008) and in § 4.1, it is confirmed that NOB corrections do not depend measurably on the aspect ratio. Thus, this correction was applied to the MCA data. Any NOB corrections for the SCA data were negligible. Figure 3 (a) shows the Nusselt number as a function of the Rayleigh number on logarithmic scales, with the SCA data shown by solid squares (red online) and those from the MCA by solid circles (blue online). The datasets agree fairly well with each other where they overlap, and separate power-law fits to them give effective exponents γ eff = 0.297 (dashed line, red online) and γ eff = 0.316 (solid black line) for the SCA and the MCA data, respectively. The open diamonds in figure 3(a) are the results reported by Sun et al. (2005b) . They are lower than ours and yield γ eff 0.27.
Results for the Nusselt numbers
A more detailed comparison between the two datasets is given in figure 3 (b), where the reduced Nusselt number Nu/Ra 0.304 is plotted against Ra on logarithmic scales. Here the difference between the effective exponents (i.e. the difference between the slopes of straight lines through the data) of the two datasets is more apparent and a gap is visible where both sets overlap. At the overlap, the Nu data from the SCA are about a per cent or so higher than those from the MCA. We believe that this is mainly due to an underestimate of the heat loss through the sidewalls in the SCA as discussed in § 2.2 (of course, small systematic errors from uncertainties in the sample length and diameter may also be contributing). In view of that experimental problem, we believe that the MCA data correspond more nearly to the ideal Nu; however, as can be seen, the SCA data are off only by a small amount.
Together the SCA and MCA data reveal a change of the effective exponent γ eff of Nu from about 0.297 to about 0.316 as Ra changes from near 10 8 to near 10 11 . A very similar change was documented before for Γ = 1.00 (Funfschiling et al. 2005) and is expected on the basis of the Grossmann-Lohse (GL) model (Grossmann & Lohse 2000 , 2001 ) of turbulent convection. The GL model, with parameters determined from fitting Γ = 1.00 data, is shown by a dotted black line. One sees that γ eff is very similar for the data and the model. The small difference in magnitude must be expected because the aspect ratios are different.
On the other hand, the data from the two experimental facilities can also be interpreted to imply a discontinuous change in the effective exponent from γ eff = 0.297 to γ eff = 0.316 near Ra 7 × 10 9 . We do not believe that the quality of the data is good enough to distinguish between these two interpretations. The discontinuous change of γ eff would be inconsistent with the GL model, and its physical origin would be unknown to us.
Also shown in the figure are data for Γ = 0.67 (red stars) and 0.43 (blue plusses) from Nikolaenko et al. (2005) . Where they overlap with the MCA data they are about 2 % higher. They also have a slightly larger γ eff , which agrees less well with the GL model. Figure 3 (b) also shows some of the data from Roche et al. (2004) that correspond to Prandtl numbers fairly close to our P r = 4.38. These results are within a per cent or so of our MCA data and up to about 3 % below our SCA data.
Overall, the agreement between the several measurements of Nu(Ra) can be regarded as fairly satisfactory. The small differences reflect the typical systematic errors that apparently will occur even in high-precision measurements.
Temperatures away from the bottom and top plates
4.1. Non-Boussinesq effects A sample with fluid properties that are independent of the temperature over the range of the applied temperature difference (except for the density where it applies the buoyancy force) is said to conform to the OB approximation (Oberbeck 1879; Boussinesq 1903 ). For such a sample, the time average of the temperature at the sample centre T c will be equal to the mean temperature T m . In the physical system, we expect T c to be equal to T w,m (see (2.1), · denotes a time average). When the OB approximation breaks down, T w,m will differ from T m . This non-OB effect was discussed and analysed by Ahlers et al. (2006a) . In figure 4, we show T w,m − T m as a function of T . The values of T w,m were obtained from fits of (2.1) to successive sets of the eight temperatures measured at the horizontal midplane.
Also shown in figure 4 by open and solid circles are two datasets from figure 5 of Ahlers et al. (2006a) for samples with Γ = 1.00. The new data, for Γ = 0.50, agree very well with the previous measurements, showing that there is no detectable dependence of this non-OB effect on the aspect ratio. This agrees with the expectation that the non-OB effect is associated exclusively with temperature drops across the boundary layers and not with the bulk fluid. It also agrees with previous measurements for a sample of ethane gas near its critical point ) with P r = 2.58.
4.2.
Vertical temperature change along the sidewall In figure 5 , we show the temperature drop along the sidewall, defined as T w = 2( T w,b − T w,t ), normalized by the applied temperature difference T , as a function of Ra by solid squares. Also shown by solid circles are previous measurements for P r = 4.38 with a sample of aspect ratio Γ = 1.00 (Brown & Ahlers 2007b) . Where the two datasets overlap, they differ only very little, with the Γ = 0.50 data about 8 % higher than the Γ = 1.00 data. At first sight, it seems surprising that a sample twice as long (Γ = 0.50) should sustain nearly the same temperature drop as the shorter sample (Γ = 1.00), rather than the temperature gradients being nearly equal. However, the experimental finding becomes reasonable when one considers that the temperature drop is generated by plumes travelling upward near the sidewall, and the rate of plume production at constant Ra presumably is (nearly) independent of Γ since the Nusselt number virtually does not depend on Γ .
Time dependence of the temperature amplitudes δ k of the LSC
5.1. Qualitative features In figure 6 , we show the time variations of the temperature amplitudes δ k (see (2.1)), k = b, m, t, for two long runs, one each taken with the SCA (run 1003231, figures 6a and 6b) and the MCA (run 1003261, figures 6c and 6d ). One observes that the LSC amplitudes vanished or came close to zero quite frequently. These events occurred a few times per hour as reported earlier by Xi & Xia (2007 .
A close inspection of figures 6(b) and 6(d ) shows that some of these events correspond to a simultaneous dip of all three amplitudes (see, for instance, figure 6(d ) near t = 13.0 h). These cases correspond to cessations such as are observed also for Γ = 1.00. They will be discussed more quantitatively in § 5.2. There are other events where only δ m vanishes. These most probably correspond to brief appearances of the DRS during SRS-DRS-SRS transitions that will be discussed in § 6.1, although one also has to consider the behaviour of θ k to positively identify these transitions. There are other events of a seemingly more complex nature. Some are difficult to identify as unambiguous cases of cessations or flow-state transitions. This ambiguity does not come as a surprise considering the complex nature of this stochastically driven system. In any case, the frequent dips of δ k to values close to zero differ from those seen for Γ = 1.00 (Brown et al. 2005a; ), where cessations were found only about 1.5 times per day and where flow-state transitions are rare or non-existent. figure 7 , we show an example of a cessation in detail. The measurements clearly show that all three amplitudes (figure 7a) dropped below a threshold value, which was set at 15 % of the mean value of each δ k (e.g. the horizontal line in figure 7a for δ m ). Thus, it seems safe to assume that the flow stopped throughout the sample, although we cannot rule out that some small eddies remained near the top or bottom. This event is analogous to the cessations observed for Γ = 1.00 and P r = 4.38 (Brown et al. 2005a; ). We conclude that cessations exist also for Γ = 0.50.
Cessations In
During the cessation, the azimuthal orientations θ k are undetermined, as discussed in § 2.4. Thus, it was possible for θ t and θ m to seemingly meander upwards, while θ b appeared to meander downwards as shown in figure 7(b). After the flow was re-established, all θ k once again assumed well-defined values, with θ b smaller than the other two by approximately 2π. The upper dotted line in figure 7(b) is θ b up-shifted by 2π. It shows that all three angles were fairly close together both before and after the cessation. The out-of-phase oscillations of θ t and θ b about θ m , particularly noticeable after the cessation, are caused by the torsional mode as discussed in § 7.1. The actual azimuthal displacement during this cessation is θ m 0.9π. Although this example corresponds closely to a flow reversal, no conclusions regarding the prevalence of reversals can be drawn from this one example.
In order to contribute to a more quantitative description of the LSC dynamics, we measured the average frequency of occurrence of cessations ω c for run 1003261 of the MCA, which extended over 11.6 days and was for Ra = 9 × 10 10 . We required that δ k was less than f × δ k simultaneously for all k = b, m, t. We chose f = 0.15, as was done in previous work (Brown et al. 2005a; Xi & Xia 2007 . Using this algorithm, we found that the entire run contained only three cessations, yielding ω c = 0.25 per day. When scaled by the vertical viscous diffusion time, this corresponds to ω c τ ν = 1.1. When we changed f to 0.2 (0.3), we found that ω c changed to 0.68 (3.8) per day, corresponding to ω c τ ν = 2.9 (16.1). Thus, even with these much higher thresholds, cessations occurred only rarely. For Γ = 1.00, the result ω c (Γ = 1.00) 1.5 per day was reported ) when f = 0.15 was used. For this case, we find ω c τ ν = 1.6, which is consistent with the result reported here for Γ = 0.50, given the large statistical error associated with having observed only three cessations.
We note that in the analysis of the Γ = 1 data ), the definition of a cessation only required δ m to fall below 0.15 δ m . However, we believe that for such a short sample, a cessation of the flow at mid-height implies that it almost always vanished everywhere. In any case, adding the criterion that δ t and δ b should also be small could only reduce further the already small cessation rate of 1.5 per day.
Events
The small number of cessations found by us (see § 5.2) differs by over two orders of magnitude from the results reported by Xi & Xia (2007 . Clearly, the analysis used during their prior work must have been based on a different algorithm for the counting of events that were identified as cessations. Although the example of a cessation given in figure 1(c) by Xi & Xia (2007) suggests that the authors had in mind that all three amplitudes should vanish or become small during a cessation, they state (Xi & Xia 2007) ' We have identified 1813, 1855, and 1798 cessation events from the 34-day data for the top, middle, and bottom rows of thermistors, respectively', indicating that they considered every separate drop of only one amplitude to represent a cessation. As discussed in § 5.2, we do not share this definition of a cessation and require all three amplitudes to drop below a threshold simultaneously.
For a comparison with the measurements of Xi & Xia (2007 , we also counted the number of times a single δ k fell below the f = 0.15 threshold. We shall refer to such an occurrence as an 'event'. An event can be associated with a number of different types of flow-state transitions, as discussed in § 6.1, as well as with a cessation. We found the frequencies to be ω • C and L = 38.5 cm). As can be seen, the numbers for the run of Xi & Xia (2007) are quite similar to those found by us.
In order to determine that our long run 1003261 was not exceptional in some way, and to be sure that there was not an exceptional dependence on Ra of the event occurrence, we analysed many shorter (typically one day long) runs and plotted the event frequency ω similar). The results were based on using f = 0.15. As was found before for Γ = 1.00 ) (where virtually all events were cessations), the rate was independent of Ra within the resolution of the data. The average value was ω t e = 39 per day ( ω t e τ ν = 165). The result for ω t e (ω t e τ ν ) is larger than that found for Γ = 1.00 by a factor of 26 (6.5).
For Γ = 1.00, the probability distribution p( θ c ) of changes in azimuthal orientation θ c during cessations was reported to be uniform ), indicating a random change of orientation. Since cessations for Γ = 0.50 are very rare, it is not possible to determine this probability distribution from the available data. It was reported by Xi & Xia (2007 ) that the probability distribution for 'cessations' (as defined by them) had a maximum at θ ± π. This would indicate that flow reversals are favoured rather than the process leading to a random distribution. However, as noted above, these data pertain to events (i.e. to the vanishing of only a single amplitude), and thus do not represent cessations but rather pertain to a combination of various types of flow-state transitions. In § 6.2, we discuss re-orientations due to SRS-DRS-SRS flow-state transition sequences. For these sequences, we also find a probability distribution with maxima near ±π, which can be understood in terms of the mechanisms of these transitions.
The model for the LSC presented by Brown & Ahlers (2007a , which reproduced cessations very well for Γ = 1.00, is clearly applicable at best to the SRS; it would have to be extended considerably to describe more complicate flow structures. The high frequency of events which we observed implies that for Γ = 0.50, the LSC is very 'fragile'. As shown in § 6.4, a typical lifetime of the SRS is only about 5 min even at the larger Ra where the SRS dominates. The frequent interruptions of the SRS clearly cannot be described by the model.
The SRS and DRS of the LSC
6.1. Transitions between the SRS and the DRS Motivated by the recent discovery of a DRS (Xi & Xia 2008b) for Γ < ∼ 1, we examined long time traces of θ k and δ k and could indeed identify several events where a single roll was temporarily replaced by two counter-rotating rolls, with one located more or less on top of the other. An example of a transition from an SRS to a DRS and back is shown in figure 9 . For the SRS, we expect that all three temperature amplitudes δ k , k = b, m, t are of comparable size and that all θ k are equal to each other except for reasonable fluctuations (see § 7.6), i.e. differ from each other by significantly less than π at least most of the time. On the other hand, for the DRS we expect δ m to be much smaller than δ t and δ b because at the horizontal midplane the flow is more or less lateral (see figure 9a3 ) and thus does not create a large azimuthal temperature variation. Furthermore, for the DRS we expect θ b and θ t to differ from each other by π (again, except for fluctuations) because at the azimuthal location of maximum up-flow for the bottom roll, there is maximum down-flow for the top roll. To enable the automated identification of the states, we used the criteria introduced by Xi & Xia (2008b) and assumed that the system was in the DRS when |θ t − θ b | > 120
• and in the SRS when none of |θ k1 − θ k2 | exceeded 60
• for k 1 = k 2 . In order to omit states where θ k was poorly defined, we introduced an additional condition that took the δ k into consideration. For a DRS δ t and δ b both had to be larger than 15% of their average values, whereas to consider a state as an SRS all δ k had to be larger than 15% of their average values. Even though these are additional conditions to the criteria proposed by Xi & Xia (2008b) , the statistical properties of the flow-mode transitions, such as their duration time or their frequency of occurrence, did not change very much. When the DRS or the SRS criteria were not met, the system was said to be in a transition state.
Using the above considerations, we interpret the results shown in figure 9(b) . The plot starts when the system is in the SRS, where all three δ k are well above zero and where (θ t −θ b )/2π is close to one (recall that all angles are meaningful only modulo 2π; so (θ t − θ b )/2π = 1 is equivalent to (θ t − θ b )/2π = 0). Both observations are consistent with an SRS as illustrated in figure 9(a1) . A transition starts near t = 120 s, when δ t first begins to decrease (dotted line). Our interpretation is that, at this point, the single roll still extends up to the top thermistor row, but is shrinking at the top, while its strength at the bottom thermistor row (dashed curve) is unchanged, as illustrated in figure 9(a2). Near t = 250 s, (θ t − θ b )/2π (the solid curve) decreases and reaches a plateau with (θ t − θ b )/2π 0.5 near t 310 s. During this decrease, δ t increased again and δ m (dash-dotted curve) decreased as well and reached a minimum, consistent with the formation of the DRS and as illustrated in figure 9(a3). The minimum of δ b near t 420 s suggests that the newly developed roll at the top of the cell increased in size and thereby replaced the smaller roll at the bottom. After t 500 s, this new roll expanded over the whole cell and the SRS was reinstalled (figure 9a5).
Supporting evidence for the sequence of events described above can be found in figure 9(c). In this figure, the data for θ t − θ b are shown by solid circles. Solid squares represent the phase θ m at the middle thermistor row. The orientation θ m is not particularly meaningful while the DRS exists because the amplitude δ m is small or zero (see § 2.4). The significant aspect of θ m is the change by approximately π that is seen to have occurred during the entire time interval of the figure. This indeed is what would be expected if the second roll of the DRS formed at the top (figure 9a2, a3) while the original roll disappeared at the bottom (figure 9a3, a4) because this process leads to a flow reversal. This phase difference of π is also illustrated by figures 9(a1) and 9(a5), which show that the circulation is indeed in opposite directions.
The process described above is very similar to that reported by Xi & Xia (2008b) , who also recognized that it leads to a flow reversal.
Azimuthal re-orientation during SRS-DRS-SRS sequences
The particular process illustrated in figure 9 leads to a reversal of the flow, which is equivalent to a re-orientation through an angle θ k ±π. Flow reversals have received considerable attention recently for two-dimensional systems (Sugiyama et al. 2009 (Sugiyama et al. , 2010 , where they are the only possible re-orientation. However, in the rotationally invariant three-dimensional system, they constitute only a small fraction of possible re-orientations through arbitrary θ k (Cioni et al. 1997; Brown et al. 2005a; ) unless a particular mechanism favours them. The transition sequence described in § 6.1 does indeed seem to be such a mechanism. It has aspects in common with the two-dimensional reversals discussed by Sugiyama et al. (2010) , in that a small counter-rotating roll near the top of the sample grows in time and replaces the previously dominant roll. We note that the SRS to DRS to SRS sequence illustrated in figure 9 is only one possibility. We also observed cases in which a new roll grew from the top to form the DRS, but then disappeared again at the top after some time while the original bottom roll survived and formed the new SRS. Similarly, formation and disappearance of the new roll at the bottom was observed. No net rotation of the single roll (i.e. of θ m ) would be expected to occur during these transition sequences. On the basis of the above, we might expect maxima at ±π and 0 in the probability distribution of the angular change during SRS-DRS-SRS transition sequences. Of course, these peaks would be expected to be broadened by the contribution of azimuthal diffusion.
In order to determine whether reversals ( θ m ± π) or zero-rotation ( θ m 0) plays a special role in the LSC dynamics that would distinguish them from reorientations through other angles, we measured θ m = θ m (t s + t trans ) − θ m (t s ), where t s denotes the starting time of the transition sequence SRS-DRS-SRS and t trans is the total time needed for the sequence to take place. The probability distribution of θ m is shown in figure 10 . As was observed by Xi & Xia (2007) , for 'events' which include the SRS-DRS-SRS transitions considered by us, all possible angular changes take place, but there are maxima at θ m = ± π, indicating that reversals are indeed favoured. This suggests that the mechanism discussed in detail in § 6.1 has a significant influence. However, we had also expected a peak at θ m 0. Indeed, there is a slight local maximum, but it is difficult to be sure that it is significant. Clearly, we do not yet have a complete picture of the processes taking place in the SRS-DRS-SRS transitions.
Relative contributions from the SRS and the DRS
The total fraction of time w during which the system stayed in a given state is shown as a function of Ra in figure 11 for data from the SCA (circles) and the MCA (squares). In the figure, the results for the SRS are given by solid and those for the DRS by open symbols. The data from the MCA and the SCA agree well with each other where they overlap. We also plotted data from Xi & Xia (2008b) for P r near 5 as triangles. There is good agreement with our data in the (relatively narrow) Ra range of overlap. One observes that the fraction of time when the system was in the SRS is small for small Ra and increases with increasing Ra, while the fraction of time when the system was in the DRS decreases with increasing Ra.
Also shown in figure 11 , by stars for the SCA and by plusses for the MCA, is the total fraction of time when the system was in either the DRS or the SRS. The remainder of time was spent during transitions or when the system was in otherwise ill-defined states. One observes that for Ra < ∼ 7 × 10 8 , the system spent more time in the DRS than in the SRS, but the total fraction of the run during which either structure existed is only 60 % or less. As Ra increased, the SRS became more prevalent and the fraction of time occupied by transitions or ill-defined structures diminished.
We also show, by diamonds in figure 11 , results obtained from a re-analysis of data obtained in the Göttingen High-Pressure Convection Facility (HPCF-II) at the Max Planck Institute for Dynamics and Self-Organization (MPIDS) using helium gas under pressure (Ahlers et al. 2009a) . Those data are for P r = 0.67, and Ra = 4.7 × 10 9 (run 0906031) and Ra = 1.0 × 10 11 (run 0906101). Both runs indicate that the SRS dominated, with essentially no significant evidence for a DRS even for Ra as small as 4.7 × 10 9 . This result agrees with the findings of Ahlers et al. (2009a) that only the SRS was observed. We conclude that the relative contributions from the two states are dependent upon P r and that the SRS is prevalent to lower Ra at smaller P r.
Lifetimes of the SRS and the DRS
We determined the average lifetimes of the two well-defined flow states (the SRS and the DRS) as a function of Ra and show them in figure 12. One observes that on average neither existed significantly longer than about a minute when Ra < ∼ 5 × 10 9 . Thus, at modest Ra, a well-defined flow structure rarely if ever existed for a significant time period. At larger Ra, the lifetime of the DRS remained in the range of a minute or so, but the average lifetime of the SRS increased and became as large as 6 min or so. This can be compared with the Γ = 1.00 system, in which the SRS existed for a day or more before it was interrupted by a cessation. The lifetime of the DRS of about 60 s is consistent with the measurements of Xi & Xia (2008b) , who (for their apparatus with a somewhat smaller vertical viscous diffusion time) found it to be about 40 s in the range 2 × 10 10 < ∼ Ra < ∼ 8 × 10 10 . A little more insight into the system is gained by looking at the probability distributions of the lifetimes at one particular Ra that is given in figure 13 . The SRS yields an exponential distribution, consistent with a Poisson process where successive occurrences do not influence each other. The DRS also shows an exponential decay at large times, but at small lifetimes it reveals a maximum. We do not think that the maximum necessarily is significant because for these rather short lifetimes the results might be sensitive to the precise details of the algorithm used to define them. In any case, the exponential decay time is 39 s for the DRS, which is only 16 % of the SRS decay time of 239 s. 6.5. The Nusselt numbers of the SRS and the DRS 6.5.
Previous measurements
There has been considerable discussion in the literature about a possible bimodal nature of the Nusselt number for samples with Γ = 0.50. Two different experimentally observed values of Nu at the same Ra were attributed for instance to different values of Nu for the SRS and the DRS, or to the azimuthal localization of the SRS by tilting the sample relative to gravity; however, a direct correlation between experimental determinations of the flow state of the LSC and Nu in most cases did not exist. Here, we briefly review the existing relevant experiments and then proceed to a report on our own measurements of Nu for the SRS and the DRS. Chillà et al. (2004) studied the influence of tilting the cylinder axis of a Γ = 0.50 sample relative to gravity by an angle β. For their experiment, P r was close to 2 and Ra was in the range from 5 × 10 11 to 4 × 10 12 . They found a suppression of Nu at constant Ra that increased with increasing β. They argued that the DRS existed in their sample especially at small β and that its Nu decreased with increasing β, that the SRS was favoured at larger β, and that Nu for the SRS was insensitive to β. There was, however, no direct experimental evidence for the existence of a DRS. The measurements presented in the present paper (see § 6.3) indicate that the DRS should almost never be found at the large values of Ra used by Chillà et al. (2004) , particularly at their rather small P r 2. However, we note that, consistent with their arguments regarding the SRS, an experiment by Ahlers, Brown & Nikolaenko (2006b) with Γ = 1.00, P r = 4.38 and Ra near 9.4 × 10 10 , where only the SRS is expected to exist, revealed that Nu was essentially independent of tilt.
In another investigation by Roche et al. (2004) (with un-tilted samples) for Γ = 0.5, 10 7 < ∼ Ra < ∼ 10 11 , and over a wide range of P r, the authors found that their measurements of Nu fell into two groups that differed by 5 %-7 % from each other. It was proposed that this bimodality could be attributed to the existence of two different LSC structures, but again there was no experimental evidence for these structures. A re-examination of these data which took a weak dependence of Nu on P r into consideration indicated that the data of Roche et al. (2004) actually fell into three groups with three different Nu values at a given Ra that differed from each other by a few per cent. Three levels seem to be difficult to explain in terms of different LSC structures.
In a related study, Sun et al. (2005b) made measurements of Nu for a sample with Γ = 0.50, 3 × 10 9 < ∼ Ra < ∼ 7 × 10 10 and P r = 4.3. First, they obtained data for a carefully levelled cell. In that case, an SRS was found by PIV but the DRS discovered later (Xi & Xia 2008b) was not observed. The azimuthal orientation of the SRS meandered randomly and sampled all orientations. In a second set of measurements, the cell was tilted through a small angle β = 0.035 rad. This forced the LSC orientation to remain close to the azimuthal orientation of the tilt angle (Brown & Ahlers 2008a ). The authors found that the thusly constrained system had values of Nu that were, depending on Ra, from 2 % to 5 % smaller than those of the level cell even though the LSC structure still corresponded to an SRS. They argued that plume emission takes place primarily in the path or 'band' of the LSC, and that such emission, once it has occurred, tends to suppress a subsequent emission. For the azimuthally meandering LSC, new parts of the thermal boundary layers are explored in time and emission is less inhibited by previous such events; however, with the localized orientation of the LSC due to the tilt, the same path is followed and emission will thus be less frequent, leading to a reduced heat transport. Sun et al. (2005b) suggested that the bimodal Nu values obtained by Roche et al. (2004) and the tilt dependent Nu of Chillà et al. (2004) may be caused by the same phenomenon.
Finally, Xi & Xia (2008b) determined the dependence of Nu on the difference in the azimuthal orientation δθ b,t over the range 3 × 10 10 6 Ra 6 5.7 × 10 10 . They found that Nu decreased by about 0.2 % as δθ b,t increased from close to zero (which would correspond to the SRS) to values between 2π/3 and π (which most of the time would correspond to the DRS).
Results from this work
In principle, our measurements should enable us to compute Nu as a function of time and to compute separate averages over the time intervals only when either the SRS or the DRS existed. In practice, there are complications because the bottom-plate temperature does not respond instantaneously to a change in the effective conductivity of the system because of its thermal mass and because of the time constants of the digital feedback loop that fixes the temperature at its set point. Thus, in order to explore whether we could resolve Nu separately for the two states, we first calculated a time cross-correlation function C Nu SRS (τ ) between Nu(t) on the one hand and a state function S SRS (t + τ ) on the other. Here, S SRS was set equal to 1 when the system was in the SRS and equal to zero otherwise. As usual, before calculating C Nu SRS (τ ), the time averages of Nu(t) and S SRS (t) were subtracted, and C Nu SRS (τ ) was normalized in the usual way; see for instance (7.1) and (7.3). The result is shown in figure 14 (a) by a solid line (red online). An analogous procedure was used to compute C Nu DRS , with S SRS (t) replaced by S DRS (t), where S DRS = 1 when the system is in the DRS and zero otherwise. The result is shown in the figure by a dashed line (blue online).
We see that both correlation functions have peaks at slightly negative values τ 0 −20 s. We interpret τ 0 as corresponding to the relaxation time of our bottom plate and its digital feedback loop. We note that the average lifetimes of the SRS (see figure 12 ) are much longer than τ 0 , and that even the shorter average lifetimes of the DRS are about three times as long as τ 0 . Thus, an estimate of Nu separately for the two states should be possible.
Another interesting feature of the correlation functions is that C Nu SRS is positive, while C Nu DRS is negative. This implies that Nu SRS is larger and Nu DRS is smaller than Nu averaged over the entire run.
Next, we computed the averages of Nu separately over the time intervals only when either the SRS or the DRS existed. As we were concerned that the results might be biased by the time shift τ 0 , we did this in three ways and give the results in table 1 for the case Ra = 9.0 × 10 10 , where we had a very long time series which yielded good statistics. First, we used the time series for Nu and S directly (labelled 'no' in the second column of the table). Next, we shifted one relative to the other by τ 0 (labelled 'shift'). Finally, we did not shift the time series, but instead omitted the time interval Table 1 . The average Nu of the Nusselt numbers over the entire run, and the conditional averages Nu SRS and Nu DRS computed separately only over the time intervals when the SRS or DRS existed. The second column indicates whether a time shift or cut by τ 0 (see text) was applied. This analysis was done with one of our long runs at Ra = 9.0 × 10 10 .
τ 0 at the beginning of each new section of the SRS or the DRS (labelled 'cut'). One observes that the time shift or cut makes little difference, and that Nu differs between the two states by about 0.9 % at this Ra. Finally, in figure 14(b) , we show the results for 1 − Nu DRS /Nu SRS as a function of Ra. The results were computed using the 'shift' method. Except for the point at Ra = 9.0 × 10 10 , these results are based on shorter time series than those in table 1 and thus are less accurate. However, they clearly show a significant dependence of the ratio on Ra. Although the data are not really good enough to establish the existence of an effective power-law dependence, a power-law fit to them yielded an exponent of −0.25 ± 0.07.
We conclude that the SRS and the DRS do indeed differ in their Nusselt numbers, but only by about 1.6 % at Ra = 10 10 and 0.9 % at Ra 10 11 . Thus, we find it unlikely that different LSC roll modes can explain the much larger differences between the values of Nu obtained by Roche et al. (2004) . On the other hand, our result of a 1.0 % difference near Ra = 5 × 10 10 is about a factor of five larger than the 0.2 % difference measured by Xi & Xia (2008b) . For this we have no explanation. We cannot comment on the results of Chillà et al. (2004) and Sun et al. (2005b) , since these involved tilting the sample and all our measurements are for a carefully levelled sample. However, with regard to the results of Chillà et al. (2004) , we note that in our work we never observed the long transients reported by these authors.
Properties of the single-roll state
It has become apparent that the dynamics of the LSC is rather complex when both the SRS and the DRS exist during significant fractions of a run such as is the case at the smaller values of Ra explored in this work. Thus, for a more detailed characterization of the LSC, we now focus primarily on the larger Ra values where the SRS dominates. Even in such cases, it is difficult to characterize this state because its integrity is interrupted frequently by events, so that a typical lifetime of a coherent state is only about 5 min.
The torsional mode
For Γ = 1.00, the LSC undergoes a torsional oscillation where the top and bottom portions experience azimuthal displacements that are out of phase, on average by π (Funfschilling & Ahlers 2004; Funfschilling et al. 2008) . We examined this issue for Γ = 0.50 by considering only time intervals when the SRS existed. A typical trace of θ t (dashed line, blue online), θ m (dotted line, green online) and θ b (solid line, red online) for the SRS and Ra = 9.0 × 10 10 is shown in figure 15 (a). All curves are close to one another and diffuse randomly as a function of time. The t,b . Both were calculated for each time interval in a particular run during which the system was in the SRS, and later averaged over all SRS intervals. The resulting averages are plotted in figure 16 for Ra = 9.0 × 10 10 (data taken with the MCA). One observes that the cross-correlation function (red squares) is negative at τ = 0, indicating a clear anti-correlation. We also show the result for C b,m t,m for Γ = 1.00, P r = 4.38 and Ra = 3 × 10 10 (see figure 8 of Funfschilling et al. 2008 ) by open circles. The value C b,m t,m (0) −0.25 is very similar for the two cases. There is however an important difference. For Γ = 1.00, the correlation functions oscillated through many cycles; for the present Γ = 0.50, the oscillations are more strongly damped and only about one cycle is observed. t,m for Γ = 1.00, P r = 4.38, Ra = 3 × 10 10 , from figure 8 of Funfschilling et al. (2008) . In addition, we show, by open squares (purple online), the cross-correlation function derived from data obtained in the HPCF-II at the MPIDS using helium gas under pressure (Ahlers et al. 2009a) at Ra = 1.0 × 10 11 and P r = 0.67 (run 0906101).
Also shown in figure 16 , by open squares, is the result of applying our algorithm for calculating C b,m t,m to data obtained in the HPCF-II at the MPIDS. For that experiment, helium gas under pressure with P r = 0.67 and Γ = 0.50 was used at Ra = 1.0 × 10 11 (run 0906101 of Ahlers et al. 2009a) . One observes that this cross-correlation function is also negative at zero time delay, indicating the existence of a torsional mode for this Pr as well. The value of C b,m t,m (0) is also about the same as that for Γ = 0.50, P r = 4.38 and for Γ = 1.00, P r = 4.38. However, even less remains of the oscillations for τ > 0 than was the case for Γ = 0.50, P r = 4.38. We observe that, at constant Γ , the damping increases with decreasing Pr.
In previous convection experiments with water in containers with aspect ratio Γ = 0.50, the torsional mode was not found (Xi & Xia 2008a) . However, in a recent personal communication, we learned that Xi & Xia re-analysed their data using methods similar to ours and found a torsional mode with characteristics similar to those observed by us. Figure 17 shows the probability distribution p(θ k ) for all θ k for the MCA and Ra = 9 × 10 10 . For this computation, we used only data for which δ k > 0.15 δ k for all k = b, m, t, because for smaller amplitudes the orientations θ k are not well defined (see § 2.4). As observed by Xi & Xia (2008a) , this distribution is remarkably uniform and essentially the same at all three levels, with only a mild dip near the centre. We note that the azimuthal variation is much less pronounced than that induced by Earth's Coriolis force in the case of Γ = 1.00 (see figure 6a of . It was well established (Brown & Ahlers 2008a ) that even small experimental inhomogeneities, such as a slight tilt of the sample, small horizontal thermal gradients in the top or bottom plate, and deviation from a circular cross-section, can lead to a strongly preferred orientation for Γ = 1.00. The data in figure 17 do not reveal the existence of any such symmetry-breaking inhomogeneities.
Probability distribution of the LSC orientation
It is interesting to note that the more uniform distribution of θ k indicates that Earth's Coriolis force had a smaller effect on p(θ k ) for Γ = 0.50 than it did for Γ = 1.00. Recently, it was argued by Xi & Xia (2008a) that according to the model of Brown & Note that the open circles (blue online) for the top thermistor row nearly coincide with the small solid circles (red online) for the bottom thermistor row. The solid diamonds, for the middle thermistor row, show a slightly smaller temperature amplitude of the LSC than do the other two levels. The solid lines are corresponding fits of a cosine to the data. , the opposite should be the case because the longer near-vertical path of the LSC for Γ = 0.50 should lead to a more strongly preferred orientation of the LSC plane, with the up-flow close to east. We believe that this argument does not apply because of the much higher frequency of flow-state transitions (see § 6), which leads to a much more frequent re-orientation of the LSC through a random angular increment (see figure 10) . The Coriolis-force-induced preferred orientation requires a relatively long time to be established because of the weakness of the force; in the presence of frequent re-orientations, this time is not available.
7.3. The time-averaged azimuthal temperature variation Separately at each time step and each thermistor row k = b, m, t, (2.1) was fit to the eight corresponding temperatures T i,k , i = 0, . . . , 7, to determine T w,k and θ k . The differences θ i − θ k , θ i ≡ iπ/4, were calculated and the results for T i,k − T w,k were sorted into 16 bins along the θ i -θ k axis and the contents of each bin were averaged separately to yield T i,k − T w,k . The results are shown in figure 18 for the MCA at Ra = 9.0 × 10 10 . One observes that a simple cosine (the solid lines in figure 18 ) provides an excellent fit to the azimuthal temperature variation along the sidewall. Deviations from this fit are actually smaller than they were for Γ = 1.00 and somewhat smaller Ra (Brown & Ahlers 2007b ). There is a near-perfect symmetry between the bottom and top sidewall thermistor rows at k = t and k = b. The open circles (blue online, top thermistor row) virtually coincide with the small solid circles (red online, bottom thermistor row). The temperature amplitude at the horizontal midplane (k = m, solid diamonds, green online) is about 20 % smaller than the amplitudes at the top and bottom rows.
The mean values of the temperature amplitudes δ k
In figure 19 , we compare the mean values δ k of the temperature amplitudes for the MCA with previous measurements for Γ = 1.00 reported by Brown & Ahlers (2007b) . For the analysis that yielded these data, no distinction between the SRS and the DRS was made and the entire time series for δ k were averaged. One observes that δ m (solid diamonds) agree with the equivalent data for Γ = 1.00 (solid circles) where there is overlap. The new data fall close to a power-law fit to the Γ = 1.00 data, which is shown by a dashed line and which corresponds to an effective exponent of −0.32.
The k = t and k = b data (triangles, red online) agree well with each other. They also can be described by a power law, but with a smaller effective exponent close to −0.18 as found before for the Γ = 1.00 data. However, the amplitude of this power law is larger than that for Γ = 1.00 by about 20 %. One observes that, for small Ra, the t and b amplitudes are smaller than the m amplitude; at large Ra this relationship is reversed. For Γ = 1.00, the crossing of the amplitudes is estimated (by extrapolation of the data) to be near Ra = 6 × 10 10 . For Γ = 0.50, it occurs a decade earlier near Ra = 6 × 10 9 . Another interesting feature of the temperature amplitudes is that modest rotation of the sample about a vertical axis causes all three amplitudes to become equal to each other (Zhong & Ahlers 2010) , at least for Γ = 1.00 and Ra 2 × 10 9 . 7.5. The probability distribution of the temperature amplitudes δ k The probability distributions of the temperature amplitudes δ k of the LSC are shown in figure 20. In figure 20(a) , all amplitudes are normalized by the mean value δ m of the middle row. As seen already in figures 18 and 19, the mean for k = m is smaller than that for k = t and k = b (which are essentially equal to each other). When each of δ k is normalized by its own mean δ k , the results in figure 20(b) are obtained. In the figure, one observes that the shapes of the distributions are essentially the same at all three levels.
Note that p(δ k / δ k ) at first grow linearly from zero and then curve upward as δ k / δ k increases further. Such a linear growth was also found for Γ = 0.50 and P r = 0.67 (Ahlers et al. 2009a) , although in that case the function did not show the upward curvature seen here. For Γ = 1.00 and P r = 4.38, the initial increase near δ k / δ k = 0 was better described by an exponential function. The algebraic growth suggests that the model of Brown & Ahlers (2008b) does not describe this aspect of the problem very well for Γ = 0.50. 7.6. The probability distribution of the azimuthal fluctuations δθ k 1 ,k 2 In figure 21 , we show the probability distributions of the azimuthal displacements at the three vertical positions b, m, t relative to each other. For this computation, we used only data for which δ k > 0.15 δ k for all k = b, m, t, because for smaller amplitudes the orientations θ k are not well defined (see § 2.4). The tops of the distributions are well represented by the Gaussian function 
The time derivativeθ m of θ m
The model for the LSC presented by Brown & Ahlers (2007a makes interesting predictions for the azimuthal dynamics. Although in that work a sample with Γ = 1.00 was considered in detail, in principle the model should apply equally well to any Γ provided the SRS prevails. In the present case of Γ = 0.50, the LSC was rather fragile, with vanishing thermal amplitudes ('events') at one or more locations occurring every few minutes, but for large Ra 10 11 the SRS was identified during 80 % of the run time. Thus, it is not unreasonable to compare our measurements with some of the model predictions. Here, we shall only consider some aspects of the dynamics of θ m ; the entire richness of the predictions for the LSC dynamics is beyond the scope of this paper.
In the limit of strong damping (large δ m ), where the azimuthal acceleration can be neglected, the model yields (see (22) averaged over 500 adjacent data points, by solid circles for Γ = 0.50, P r = 4.38 and Ra = 9.0 × 10 10 (run 1003261). Of approximately 230 000 original points in this time sequence, about 460 points survived after the averaging, which is adequate to reveal the behaviour of |θ m |. The expected decrease of |θ m | with increasing δ m is clearly seen, but at a quantitative level the dependence is not quite as expected. Over an intermediate range, we find a dependence consistent with a power law with exponent −1 as expected and as shown by the upper solid line (red online), but there are deviations from this power law both at large and small δ m . The deviations at small δ m may be caused by SRS-DRS-SRS transitions, which should involve small δ m values. They may also be influenced by deviations from the strong-damping approximation. However, the deviations at large δ, where an exponent of −2 (dashed line in the figure) provides a better fit to the data, remain unexplained.
In figure 23 , we also show results for Γ = 0.50, P r = 0.67, Ra = 1.0 × 10 11 (run 0906101 from Ahlers et al. (2009a) , open squares, purple online). There is much more scatter and the range of δ m is smaller, in part both because δ m is smaller and because the duration of the run is less. However, the data are entirely consistent with those for P r = 4.38, suggesting that there is no strong Pr dependence. At large δ, these data also suggest a more negative power-law exponent than −1.
For comparison, we included in figure 23 results for Γ = 1.00, P r = 4.38, Ra = 1.1 × 10 10 (run 0906101 from Zhong & Ahlers 2010 , open circles). Here Γ is larger, but Ra is also smaller by a factor of 10. The data are somewhat lower, and, probably more importantly, they follow the power law with a −1 exponent (lower solid line) out to larger values of δ m / δ m .
In figure 24 , we show the probability distribution of dθ m /dt computed over the two narrow ranges 0.4 6 δ m / δ m 6 0.6 and 0.9 6 δ m / δ m 6 1.1 (compare figure 22) . For these nearly constant values of δ m , (7.5) predicts that these distributions should reflect the distribution of the noise source, i.e. of the small-scale fluctuations that are driving the LSC dynamics. In the derivation of the model, the ad hoc, albeit reasonable, assumption was made that the noise is Gaussian distributed. The solid and dotted lines in the figure are fits of a Gaussian function to the data. One observes that the data are remarkably consistent with the assumption. The open squares in the figure are the distributions based on all the data, regardless of the value of δ. One observes that the distribution has exponential tails as noted by Brown & Ahlers (2008b) ; but these tails are due to the averaging process over δ.
Summary
We have presented a detailed study of thermal convection in a cylindrical container with aspect ratio 0.50 and P r = 4.38. Measurements of the Nusselt number and various statistical analyses of the LSC flow structure are reported for the Rayleigh number range 2 × 10 8 < ∼ Ra < ∼ 1 × 10 11 . When possible, comparison was made with measurements for Γ = 0.50 and P r = 0.67 from Ahlers et al. (2009a) and with data for Γ = 1.00 and P r = 4.38 from Zhong & Ahlers (2010) .
A small apparatus (SCA) and a larger one (MCA) were used in order to cover the large-Ra range. The results for Nu agree well with previous measurements (Roche et al. 2004; Nikolaenko et al. 2005) for similar Γ and Pr and are very similar to those for Γ = 1.00, showing that the Γ dependence of Nu is nearly absent. This is consistent with several previous results (Funfschiling et al. 2005; Nikolaenko et al. 2005; Sun et al. 2005a) .
On the basis of measurements of the azimuthal temperature distribution near the sidewall at three different heights, the dynamics of the mean wind was investigated. Because of a frequent vanishing in part of the sample of the flow amplitude for this aspect ratio, it was not possible to follow the temporal evolution of the azimuthal LSC orientation over long time periods; thus, we cannot make statements about mean long-term rotations such as were made elsewhere (Sun et al. 2005b; Xi & Xia 2007 .
We inferred the time-averaged centre temperature of the system from the sidewall temperature measurements and found that it differed slightly from the mean temperature of the top and bottom plates. As found previously for ethane near its critical point , this non-Oberbeck-Boussinecq effect (Oberbeck 1879; Boussinesq 1903) for Γ = 0.50 was just as large as it is for Γ = 1.00 , showing that it is a property of the boundary layers and independent of the sample length. We also determined the temperature change vertically along the sidewall (excluding the thermal boundary layers), and found that it is very similar to that measured for Γ = 1.00 (Brown & Ahlers 2007b) . This is reasonable since it is believed that the gradient is generated by plume activity, and the rate of plume emission is likely to be nearly independent of Γ at constant Ra since Nu does not depend very much on Γ .
In agreement with previous results (Xi & Xia 2007 , it was found that the LSC is much more erratic than it is for larger aspect ratios. We found that cessations, where the flow stops in the entire system, are extremely rare, but that frequent events occur where the amplitude vanishes near only one or two of our vertical thermistor-row locations.
Some of these events are associated with flow-state transitions from an SRS to a DRS, where two counter-rotating rolls are on top of each other. The SRS-DRS-SRS transition sequence was investigated in detail as a function of Ra, and it was found that the fraction of time that the system spends in the SRS increases with Ra while the fraction of time in the DRS decreases. For small Ra, the flow state is mostly undefined and changes frequently. At larger Ra, the DRS or other less well-defined states constitute only brief interruptions of the SRS because the lifetime of the DRS is much shorter than that of the SRS. The lifetimes that we found for the DRS are consistent with the measurements of Xi & Xia (2008b) .
There are several different ways for the system to achieve an SRS-DRS-SRS transition sequence. One of these, where a new roll forms at the top (bottom) and the original roll is finally eliminated at the bottom (top), leads to a flow reversal of the SRS. This has been noted by Xi & Xia (2008b) . Reversals have attracted attention for two-dimensional systems (Sugiyama et al. 2009 (Sugiyama et al. , 2010 where they are the only possible re-orientation. We find that the probability distribution of change in azimuthal orientation during SRS-DRS-SRS transitions, although broad, has a maximum at ±π and assume that this maximum is caused by the above-mentioned flow reversal.
We have determined separately the Nusselt number of the SRS and the DRS, and found the former to be larger than the latter by about 1.6 % (0.9 %) at Ra = 10 10 (10 11 ). A difference between Nu for the SRS and the DRS had been found previously by Xi & Xia (2008b) , but for reasons unknown to us it was a factor of five smaller than the difference observed by us. In a previous investigation by Roche et al. (2004) , it was found that there was a parameter range of bi-stability where the values of Nu for the two states differed from each other by 5 %-7 %. The authors postulated that the two states corresponded to the SRS and the DRS, and attributed the difference in Nu to these different structures of the LSC. We find that the difference of a per cent or so observed by us is not large enough to explain the observations of Roche et al. (2004) .
In the last part of the paper, we provide an analysis of the system while it is in the SRS. This work is limited to relatively large Ra because only there does the SRS exist for sufficiently long time intervals to allow this analysis. We find that the crosscorrelation between the orientation of the LSC at the top (θ t − θ m ) and at the bottom (θ b − θ m ) shows the existence of a torsional mode of the LSC. This mode is known to exist for Γ = 1.00, but was not found previously for Γ = 0.50 (Xi & Xia 2008a) .
For Γ = 1.00, the probability distribution of the azimuthal orientation has a maximum which is caused by the Coriolis force . As observed before by Xi & Xia (2008a) , we also find that, for Γ = 0.50, the distribution is much broader. We believe that the Coriolis force in this case is not effective in orienting the flow because the SRS is disrupted so frequently by flow-mode transitions and other events after which it re-starts with a new, nearly random, orientation.
We found that the probability distributions of the temperature amplitudes δ k of the LSC increase linearly from zero as δ k increases from zero. This is similar to the case Γ = 0.50, P r = 0.67 (Ahlers et al. 2009a ), but differs from the case Γ = 1.00 (Brown & Ahlers 2008b) , where the increase could be fitted by an exponential function. The shape of p(δ k ) is relevant to the LSC model of Brown & Ahlers (2007a , because it depends on the strength of the stochastic driving of the LSC and on the shape of the potential for δ k . Finally, we extracted information about the azimuthal dynamics from our data. We found that the time derivative of θ m scatters about zero in a stochastic manner, over a range delimited by two envelopes that decrease as δ m increases. This is consistent with the LSC model of Brown & Ahlers (2007a . A more quantitative examination of the data, however, does reveal some deviations from the model prediction.
When δ m is held constant, the model predicts thatθ k is proportional to the noise source (the small-scale fluctuations) that drives the LSC. In the model, the ad hoc, albeit reasonable, assumption was made that the noise is white and Gaussian distributed. We determined the probability distribution ofθ m at nearly constant δ m and found that it could indeed be fitted very well by a Gaussian function.
Our general conclusion is that the LSC for P r = 4.38 becomes more fragile as the aspect ratio decreases. For Γ = 1.00, the SRS exists for hours, being disrupted only perhaps once a day or so by a cessation. During a cessation, the flow stops in the entire system before reforming with a new orientation. For Γ = 0.50, cessations are even more rare than they are for Γ = 1.00. However, for this smaller Γ , the flow field of the SRS is disrupted frequently by events where the amplitude vanishes locally at one or more vertical positions. Some of these events lead to the formation of a DRS, but the lifetime of the DRS is very short. The SRS exists for a longer time, but
